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Abstract
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1 Introduction

We investigate the following problem

F+V'(tz) =0t €[0,1],t #tj,5 =1,2,--- ,p, (1.1)
AZ'(tj) = 2 (t; +0) — 2’ (t; — 0) = J; (z'(t;)), (1.2)
2(0) cos a — z'(0) sin « = M (2(0), 2 (0), 2(1),2'(1)), (1.3)
z(1)cos B — 2’ (1) sin B = Ma(z(0),2'(0), z(1),z'(1)), (1.4)

where V : [0,1] x R® — R, V'denotes the gradient of V with respect to z, 0 = to < t1 < t2 <
<ty <tpg1 = 1L, AL (t5) =2/ (¢, +0) —2'(t; — 0) = lim+ Z'(t) — lim 2'(t), J; € C(R™,R")(j =
t~>tj at;

1,---,p), My € C(R™ R™)(k = 1,2) are bounded, o € (0,7), 8 € (0, ).

Whenn=1,a=0,=m,J; =0,M; =0for j=1,--- ,p, i =1,2, the problem (1.1)-(1.4) reduces
to the following Duffing equation

i+ f(t,z) =0, (1.5)
2(0) = 0 = (1), (1.6)

where f(t,x) = V'(¢,x). Under the condition
0
< < _
ol (he) S —n<-m

for all (¢,z) € I x R and some constant > 0, [1] has proved that (1.5)-(1.6) has at least one
solution. For the second Hamiltonian system

E+V'(t,z) =0, (1.7)
z(0) cosa — z'(0) sina = 0, (1.8)
z(1)cos B —2'(1)sin f = 0, (1.9)

where V € C*(]0,1] x R™,R),« € [0,7) and B € (0, 7], there exists the similar solvable condition
(V1) There exists B € L*°([0, 1], Ls(R™)) such that

V'(t,x) -2 < B(t)x - z,VY(t,x) € [0,1] x R with|z| > r.

In order to describe solvable conditions for (1.7)-(1.9) on B, we recall the index theory (see [2],[3])
for the linear systems (1.8)-(1.9) and

&+ B(t)z = 0. (1.10)
This index theory associates B with a pair of integers (in,g(B),va,3(B)) € N x {0,1,--- ,n} as
follows:

Va,3(B) = the dimension of the solution space of (1.8) — (1.10),

ia,5(B) =Y Vas(B+ AlL). (1.11)
A0

In ([2],[3]) the author has proved that under condition (Vi) with vq g(B) = iq,g(B) = 0 the
problem (1.7)-(1.9) has one solution. Note that when o = 0, 8 = , (1.8)-(1.9) reduces to (1.6). As
n < 72,i0.x(nln) = 0 = vo.(nl,). So that result generalizes Lees’ result.

In this paper we further generalize the above results to the impulsive Hamiltonian system (1.1)-(1.4).
To this end we also need the following assumptions:



Hu; JAMCS, 26(5): 1-9, 2018; Article no.JAMCS.39211

(V2) There exists Bp : [0,1] x R" — L,(R"™) with Bo(-,z(:)) € L*=([0,1], L:;(R")) for z(-) € Y
(Y is defined in section 3) and Bo1, Boz € L*([0,1], Ls(R™)) with ia,8(Bo1) = ta,3(Bo2), Va,3(Boz2) =
0 such that
Boi(t) < Bo(t,z) < Bo2(t),V'(t,2) = Bo(t,z)x as |z| — 0.
(M) My (&) = o([€]) as [§] = 0,k = 1,2.

The main result of this paper is the following theorem.

Theorem 1.1 Assume V satisfies (V1) with vq,g(B) = 4a,s(B) = 0. Then (1.1)-(1.4) has one
solution. If further (V2), (M) and (J) hold, then (1.1)-(1.4) has a nontrivial solution provided
ia,g(B()l) is odd.

The paper is organized as follows. In section 2, we give preliminary facts and provide some
definitions, properties and lemmas that are needed later. The proof of Theorem 1.1 will be
given in Section 3. Generally the problem (1.1)-(1.4) is not easy to investigate by variational
methods. We refer to [1],[4],[5],[6],[7],[8],[9],[10],[2],[11] for some results with topological methods
and other methods. For some special cases we have happily seen some results [12],[13],[14] with
variational methods. In order to prove Theorem 1.1 we also use topological homotopy contiuation
methods by showing for example that the possible solutions of (3.1)-(3.4) are a priori bounded in
C([0,1], {t:}; R™) (see the definition in Section 3). For the special case My, = 0(k = 1.2),J; =
0( = 1,---,p), Poincaré’s inequality can be used as in [12]. However, for our case Poincaré’s
inequality can’t be used directly. We transform (3.1)-(3.4) into an equivalent integral equation
and then its solution is naturally divided into two parts = x1 + x2 such that x2 is bounded in
C'([0,1],{t;};R™) and x1 € H?([0,1],R™) and satisfies (1.8)-(1.9). By this additional condition
we can use Poincaré’s inequality to show that z; is a priori bounded in H'([0,1],R™) and then in
C*([0,1],R™), concluding the proof.

2 Some Useful Results

In this section, we present some results that are useful to the proof of the main results. For the
convenience of the reader, we also present here the necessary definitions. We use | - | denotes the
usual norm in R™ and || - ||1 denotes the norm of C*([0,1],R™) , we denote by H*([0,1],R™) the
Sobolev space H' = {x € L*([0,1];R") : ¢ € L*([0,1]; R™)} where & is weak derivative of = with
the inner product

(@,y) = / £(t) - y(t)dt + / (1) - g(t)dt,

where z - y denotes the inner product in R™. The corresponding norm is defined by ||z||g1 =
(x,w)%ﬁc € H.

Suppose X is a Banach space and  C X is a bounded open set. T : Q — X is compact and
x — T'(x) is not zero for all z € 9N, so the Laray-Schauder degree deg(Id — T') € Z is defined.

Proposition 2.1. (i)If deg(Id — T, Q) is not zero, then there exists x € Q such that x — Tx = 0,
(4)If K is linear compact, ker{Id — K} = {0} and 0 € Q, then deg(Id — K,Q) # 0.
(iii)deg(Id — T, Q) is constant for X € [0,1] provided x — T is not zero for any x € 9 and

Thr = (1 — N)Tox + ATz and Ty, Tt : Q — X are compact.

(iv) Assume K : X — X is a linear compact operator, 1 ¢ o(K) the spectral of K. Let 2 be

an open bounded subset of X with 0 € Q. Then deg(Id — K, Q) = (—1)? where § = > B

Aj>1,N€0(K)

and B; = dim |J ker(K — \;)™.
m=1
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We also need some facts about the index. We can find the following definitions and propositions in
(see [2][3]). For any B € L*°([0, 1], Ls(R")), consider the following system

E(t) + B(t)x(t) =

z(0) cos v — x'(()) sina =0,

z(1)cos f — 2’ (1) sin § = 0.
Definition 2.1 For any B € L*°([0, 1], Ls(R")), we define

Va,s(B) = the dimension of the solution space of (2.1) — (2.3),

ia,8(B) =Y Va,s(B+ Aly).
A<0

Definition 2.2 For any B1, Bs € L*([0,1], L;(R")) with By < Bz, we define

I(B1,B2) = Y Vap(AB2+ (1= A)Bi).
Aefo,1)

We define the symmetric bilinear form
1
a(z,y) = / () - §(t)dt — (1) - y(1) cot(B) + (0) - y(0) cot (), Vo, y € H'([0,1], R").
0

Let p € R such that v g(ul,) = 0, and let (Lz)(t) = —i(t) — pa(t) for x € H2 4([0,1,R") = {z €
H2([0,1],R™) : (0) cosa — ’(0) sina = 0, (1) cos 8 — 2/ (1) sin B = 0}, (Qx)(t) = (B(t) — pl,)z(t)
for € L*([0,1],R™) and T,,.p = Id — L™ Q. Set U, = {z € C*([0,1], R™)|||=|| < r} for r > 0.

Proposition 2.2 (i) For any By, Bs € L:(R"), if By < By, then ia,5(B1) < ta,8(B2),va,s(B1) +
ia,p(B1) < Va,5(B2) +ia,5(B2).
(if)For any Bi1, B2 € L*([0,1], £L;(R™)) with B1 < Ba, we have

I(B1, B2) = ia,8(B2) — ia,3(B1).

(iii) For any B € L*°([0,1], Ls(R"™)) with v4 g(B)+ia,3(B) =0, ¢, B(x,z) = a(z, ) fo
xdt > 0,2 € H*([0,1],R™) and (qﬁa,B(m,m))% is an equivalent norm on H'([0, 1], R™).
(iv) There exists a constant ¢; > 0 such that for any = € H'([0,1],R"), |z(t)| < c1||z||z: for
all t € [0,1].
(v) For p € R and B € L*([0,1], Ls(R"™)) with ia,g(tln) = va,s(1tln) =0 and B > (u+ 1)1,
we have
deg(Tu,p,Up) = (=1)"# 7.

Proof. We only prove (v) because (i-iv) can be found in [[2],[3]]. Setting K = L™'Q yields

1 1
di - = feY < -3 n
Z imker(K — \) Z v ,B(AB—F(l )\),uI )
A>1, €0(K) A>1,2€0(K)
= > vas(yB+ (1 —y)pln) = (s, B) = ia,3(B) — ias(iln) = ia,s(B).

~v€[0,1)

By Proposition 2.1(iv) we need only to show that ker(K — \)? = ker(K — A) for A > 1. In fact,
assume (K —A)?z=0. ThenZ= (K - Nz = (L' - 2Q HQr € R(L™' - AQ™H,0= (K -\ =
(L7 - 2AQ™HQzZ,Q7 € ker(L™' — AQ™1). Because L™' — XQ ™' : L?([0,1],R™) — L?*([0,1],R™)
is self-adjoint, fol QT - zdt = 0. Hence T = 0. Remark For the index theory of convex linear
Hamiltonian systems and symplectic paths

we refer to ([15] [8]).
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3 Proof of the Theorem 1.1

In this section we will prove Theorem 1.1.

Proof of Theorem 1.1 Consider the homotopy problem:

&+ (1= N)Bt)x(t) + AV (t,2) = 0,t € [0,1],t # t;,5 =1,2,--- ,p, (3.1)
Az'(t;) = @' (t; + 0) — &' (t; — 0) = MJ;('(1;)), (3.2)
x(0) cos a — z'(0) sin o« = AM7, (3.3)
z(1) cos B — 2’ (1) sin B = A M. (3.4)

Mj, is short for My (z(0),2'(0),z(1),2'(1))(k = 1,2),X € (0,1). We first transform the problem
into an equivalent integral equation. Let p > 0 be free and f(t) = (1 — A\)(B(t)z(t) + p’z(t)) +
AV'(t,z) + p®z(t))). Then (3.1) is equivalent to

B(t) — p(t) + pa(t) — p’a(t) = —f(t)

Multiplying the integral factor e** and integrating over [0, ], we can get

@(t) — pa(t) = e ™ Z eMig; — ef"t/o e f(s)ds + e " (&(0) — px(0)).

tj<t
And multiplying the integral factor e ** and integrating over [0,t] again, we obtain

t T
o) —al0) = [ S s [ e asti0) o) - [ e [ e syasan
0 0

t;j<s

and then

z(t) = chutz(0) + ish,uta’c(O) + A Z shu(t —t;)J; — i /0 shu(t — s)f(s)ds

t;<t
¢
&(t) = pshutz(0) + chpta(0) + A Z chu(t —t;)J; — / chu(t —s)f(s)ds
tj<t 0
Consider the boundary conditions:
1 1
z(1) = chux(0) + —shuz(0 sh J—f/sh 1—3s)f(s)ds
1 /L()M/L Zu A n(1—s)f(s)

(1) = pshpx(0) + chpi(0) + /\Zchu (1—t;)J; — / chu(l — s)f(s)ds

Jj=1 0
where as usual cha = 3(e* + e~ ) and sha = §(e* —e™®).

Hence
z(0) cosa — z'(0) sinaw = AM;

(chpvcos B — pshpsin 8)z(0) + (%sh,u cos 3 — chusin B)x' (0) = AMa — cos 3¢1 + sin 3a

where
p

1

j=1
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&= A E chp(l —t;)J; — /1 chu(l — s) f(s)ds.
j=1 0
Then

z(0) \ _ 1 In(ish,u cosfB —chusinf) I,sina AM,
z'(0) /) A\ I,(ushusinB — chucosf) I,cosa AM>

+% ( sino ) [sin BE2 — cos B&1]

Cos &

where we choose p > 0 large enough such that A = %shu cos a cos B+chusin(a—fB)—uchp sin asin 8 #
0.

Hence
/ G(t,s)f(s)ds + A(Mz)(t) (3.5)
where
G(t,s) = 1 ( Inchut Intshut ) sinaln [l cos Bshu(l — s) — sin Bchp(l — s)] — lshu(t —9)I
’ A " cosal, J'u m "

for0<s<t<1;

Gt s) = ~

X ( Inchut In%shut ) < sinaly ) [i cos Bshu(l — s) — sin Schu(l — )]

cosaly,
for0<t<s<1;

1

(Ma)(t) =5 (Inchut  Lujshyt ){< é"(%s’wcosﬁ—c’wsmﬂ) Insina > < M )

n(pshpsin 8 — chucosB) I, cosa Mo

Insina . . / 1 /
#( Ty ) 68 ol )61 = cos 53 b1~ )0 ()

j=1

—_

- Z p(t = t5) 5 (2 ())}- (3.6)

t

Then z(t) is a solution of (3.1)-(3.4) if and only if x(¢) is a solution of the integral equation (3.5). Let
Y =C*[0,1],{t;}; R™) = {2 : [0,1] — R"|2’(t) exists and continuous for t # ¢;,z’(t; +0) exists and
x(ti) = x(t; = 0),2'(t;) = o’ (t; —0) for i = 1,2,--- , pywith the norm ||z|| = sup,c(o 1 {|2"(t)], |z(t)}.
The operator M : Y — Y defined by (3.6) is compact.

Set (Tw)() = f(t) = (L= N(BO)z(t) + p’z(t)) + MV'(t, )+/~L z(t)) for x € Y. (Fu)(t) =
fo s)ds for v € L*([0,1],R™) and (Az)(t) = —i(t) pz(t) for x € HS 5(0,1],R™). Then

Y % L2([0 1],R™) are continuous and F = A~' : L?([0,1],R") — Y is compact. Hence
(3 1) (3.4) can be viewed as the operator equation

x=A""Te+ AMz = (1 — N FTox + AN(FTi + M)z. (3.7)

So in order to use topological degree to investlgate (3 7) 1t sufﬁces to show the possible solutions of
(3 1) (3. 4)are a priori bounded in Y. Let z( fo s)ds+ A(Mz)(t) = z1(t) +x2(t), where

fo s)ds = FThx € Hi ([0, 1] R"), xz( ) = )\(Mx)( ). o3 is bounded in Y because
of the boundedness of Ji(G=1,2,---,p) and Mi(k = 1,2).

Next we show ||z1]| is also bounded, we only need to show ||z1||f1 is bounded.
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By (V41), there is a ¢z > 0 such that
/ V'(t,z) - x(t) dt</ B(t z(t)dt + c2,V(t,z) € [0,1] x R™.
And xz(t) satisfies (3.1)-(3.4), we have
1 1
0:/ Z(t) -a:(t)dt+/ (I =X)B(t)x(t) - x(t dt+)\/ V'(t,x) - z(t)dt
0 0

< z(D)a(1) — 2(0)3(0) — Y z(t;)J / |4:(t |dt+/ B(t z(t)dt + ez

Jj=1

2 2 A A . /
< |z(1)|" cot B — |z(0)|" cot @ — mm(l) - My + sinam(o) - My — )\;x(tj) - Ji (2" (t5))

/|1: |dt+/B 2(t)dt + ez

1 1

< |z1(1)|? cot B — |1 (0)| cot a — / |21 (8) [ dt + cslzi(1)] + eslzi(0)] +/ B(t)zy - z1dt
0 0

+C3ZCC1 )+ ca = —¢a,B(x1,21) + c3(|z1(1)] + z1(0 +Z|$1 )+ ca

where c3 and ¢4 are constants.
By Proposition 2.2(iii)(iv), there exists c¢5 > 0

llza|zn < es(lfea]lm +1)
Hence ||z1]|z1 is bounded, we obtain ||z|| is bounded.

The above argument shows that there is R > 0 such that ||z|| > R, &+ (1—X)B(t)x(t)+AV'(¢,x) # 0.
Set N»:Y — Y by (Naz)(t) = (1 — \) (A Tox)(t) + A((A™ T1 + M)z)(t); then deg(Id — Nx,Ur)
is well defined. ker(Id — No) = ker(Id — A™'Tp) = {0} because of v, (B) = 0 and Proposition
2.1(i1)(iil) lead to deg(Id — No,Ugr) # 0 and deg(Id — Ni,Ugr) = deg(Id — No,Ur) # 0. Then
(1.1)-(1.4) has one solution via Proposition 2.1(i).

Now we further assume (V2), (M), (J) hold, we prove that the following problem:
—(1=N(A"Thz) = NAT'Ty 4+ M)z =0
has no solution z satisfying 0 < ||z||1 < ro where T» : Y — Y by (Tex)(t) = Boi(t)z(t) + pz(t)

and 7o > 0 is small enough and recall that Ty = V' (¢, ) + p®z(t). If not, there exist {xx}5>; C Y
such that ||zk|| — 0 and {A\x}72; C (0,1) such that

Ti — (1 — )\k)(AilTQLL‘k) — Ak(A71T1 + M)xk =0 (3.8)
Set Bi(t) = (1 — M) (Bo1(t) + pIn) + M (Bo(t, zx) + p21,) and yp = szl\ then (3.8) turns to
1= M
yh = (A7 Brge) = At = 0 (3.9)

M eell
By (M) and (J), we know Hj\iﬁ — 0in Y. Since ||lyx|| = 1,{Bryx} is bounded and weakly

convergent in L?(]0, 1], R™) and hence yr — yo in Y via (3.9) by going to subsequences if necessary.
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Set By, (t) = (1 — X)) Bo1(t) + A\e Bo(t, x); then Boi(t) < By (t) < Boz2(t) and we claim that there is a
Dy € L=([0,1], Ls(R™)) satisfying Bo1 < Do < Boz such that

Bryx — Doyo, (3.10)

in L2([0, 1], R™). In fact, setting Bor = (b)) ())nxn, Boz = (0577 ())nxn and Bi(t) = (b5 (£))nxn,we
have _
b < Bl < b Vi=1,2,-- n
2600 4 b0 4 b0V < 9Bk, 4 B + B < 26002 4+ b0 4 50 vj £ .
We can get gfj — b;; in L2([0,1],R) by going to subsequences if necessary. Then setting Do(t) =
(b (t))nxn leads to the results. Since A71: L3([0,1),R™) — Y is compact and Bryr = Bryr + 1 yx,
we can get A7 Bryr — Ail(Doyo + ngo) in Y via (3.10).
Taking limit in (3.9) yields
yo — A7 (Doyo + p1*yo) = 0

and ||yo|| = 1. This means that y = yo is a nontrivial solution of the following system
§(t) + Doy(t) = 0,
y(0) cosa — /'
y(1)cos B —y'(1

Because iq,3(Bo1) = ta,8(Bo2), Va,s(Bo2) = 0, by Proposition 2.1, v4,g(Dg) = 0, a contradiction.

0)sina =0,

)
)sin = 0.

Hence Proposition 2.3(iv) yields deg(Id — N1, Ur\Uy,) = deg(Id — N1,Ur) — deg(Id — N1,U,,) =
(=1)iesB) _ (1)las(Bor) — 1 _ (_1)ies(Bot) — 2 o ( because ia,5(Boi1) is odd. Therefore,
(3.1)-(3.4) has one solution = with ||z||1 € (10, R).

4 Conclusions

Thoughout this paper, we obtain some results on the nonlinear Sturm-Liouville boundary value
problems for second order Hamiltonian systems with impulsive effects. Compared the results
obtained in [1] and [2], we generalized some previous results.
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